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A generalization of cotilting bimodules and cotilting dualities is studied. More-
over, we investigate the structure and the properties of the classes involved in this
kind of dualities.  2001 Academic Press
Cotilting bimodules over arbitrary rings give rise to a theory which
naturally generalizes Morita duality. Finitely generated cotilting modules
   were first studied by Colby Cb1 and Colby and Fuller CbF in case of
 noetherian rings. Later on, Colby Cb2 investigated the more general class
of generalized Morita dualities, which is a class of representable dualities.
The first results on cotilting modules and bimodules over arbitrary rings
 appeared more recently in CDT, CTT, C, CF . In particular, Colpi in 1998
 C proved that a cotilting bimodule induces a pair of dualities between the
torsion and the torsion free classes of suitable large subcategories, by
   means of a ‘‘cotilting theorem’’ C, Theorem 6 . But neither Colby Cb2
 nor Colpi C proved the existence of a natural transformation between the
pair of functors acting on the torsion classes.
 In this article, we prove a similar theorem to C, Theorem 6 which holds
in a more general setting. In particular, we focus on the construction of a
natural morphism  giving rise to a duality between the torsion classes of
the subcategories we are dealing with. Moreover, we investigate the
structure and the properties of the classes which are involved in the
dualities described by the cotilting theorem.
Throughout this article, we denote by R and S two arbitrary associative
rings with unit and by Mod-R and S-Mod we denote the categories of all
unitary right R- and left S-modules, respectively. Given a module U, we
Ž .denote by Cogen U the class of all modules cogenerated by U and
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Ž . Ž .  Ž .by Rej  the reject radical, defined by Rej M  Ker f  fU U
Ž .4Hom M, U .
Given a bimodule U , we denote by  both the contravariant functorsS R
Ž . Ž .Hom , U and Hom , U and by  both the contravariant functorsR S
Ž . Ž . 2 Ž 2 .Ext , U and Ext , U . By  , respectively  , we mean both theR S
Ž .composition   and     and   , respectively . ForR S S R R S S R
any module M, we denote by  the evaluation morphism defined by  :M M
2Ž .  Ž .M  M , x  x . Since the functors  and  are rightR S
Ž . Ž .adjoint with the morphisms  as unities, the identity     id LL Ž L. 
Ž .holds for any module L. Moreover, given a module L, Ker  Rej L .L U
Ž .A module M belongs to Cogen U if and only if  is a monomor-M
phism. If  is an isomorphism, we say that M is -reflexive. From theM
Ž . Ž .previous identity, it follows that  M  Cogen U for any module M and
Ž .that  M is -reflexive if so is M.
 Finally, as in C , we introduce the following classes of right R-modules
Ž .respectively, left S-modules .
Ž .  4 Ž .i Y M  M is -reflexive  Cogen U ;
Ž .  4ii Y L  L	M, for some MY ;
Ž .  4iii C M  M
 LN, for some L, NY ;
Ž .iv XCKer .
   For further notation, we refer to AF or W .
1. DEFINITIONS. We say that a right R-module U is cotilting if itR
Ž satisfies the condition Cogen U Ker  see CDT, Definition 1.6,R R
.Proposition 1.7 and is quasi-cotilting if Cogen U Ker  .R R
A locally quasi-cotilting bimodule is a bimodule U such that YKer S R
on both sides.
A quasi-cotilting bimodule is a bimodule U which is quasi-cotilting onS R
both sides.
A cotilting bimodule is a faithfully balanced bimodule U which isS R
cotilting on both sides.
2. EXAMPLES. The following example is due to G. D’Este: let k be an
algebraically closed field and let S be the k-algebra given by the quiver
 1 2 31 2 3 with relation  0 and  0. Let U   andS 2 1 2

R
 k k be the k-algebra given by the quiver 4 5 . Then U is a	 	 S R
Ž . 1 Ž .bimodule such that: 1 the indecomposable module  Cogen U 2 S
1 Ž . Ž . 1 Ž . Ž . 3Ker Ext , U ; 2 2Ker Ext , U ; 3 the projective S-module isS S 2
-reflexive and it is the only indecomposable -reflexive module. There-
fore, U is a bimodule such that U satisfies the condition YKer S R S S S
but it is not quasi-cotilting.
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 Any partial cotilting module CTT, Definition 2.5 is a quasi-cotilting
 module, so CTT, Proposition 2.15 gives examples of quasi-cotilting mod-
ules which are not cotilting.
Moreover, any GMD bimodule in the sense of Colby Cb2, Definition 1,
Proposition 3 is a locally quasi-cotilting bimodule and any weakly cotilt-
 ing bimodule in the sense of Tonolo T, Section 2 is a quasi-cotilting bi-
module.
 3. Remark. As proved in C, Lemma 2 , if U is a cotilting module,R
Ž .then Im  Ker  and Ker  , Ker  is a torsion theory in Mod-R.S R R R
For a given module M  Cogen U , it follows that M is -reflexive if andR R
Ž . Ž  .only if  M is -reflexive see C, Proposition 5 .
Ž .If U is a quasi-cotilting module, since Cogen U Ker  , the radicalR R R
Ž . Ž .Rej  is still idempotent and so Ker  , Cogen U is a torsion theoryU R R
in Mod-R. It still holds that Im  Ker  ; nevertheless, if U is notS R R
Ž .cotilting, for a module M such that M Cogen U and  M Y , weR
cannot use Colpi’s argument to prove that MY .
For analogous reasons, if U is locally quasi-cotilting, we do not knowR
Ž .whether Cogen U is a torsion free class in Mod-R or whether Im  R S
Ker  .R
The following technical lemmas point out some properties of the classes
Y and C , when U is a locally quasi-cotilting bimodule.
4. LEMMA. Let U be a locally quasi-cotilting bimodule and let 0 LS R
f
MN 0 be an exact sequence;
Ž .i if L, NY , then MY ;
Ž .ii if M, NY , then LY ;
Ž .iii if U is quasi-cotilting, MY , and N Cogen U, then L andS R
NY .
Ž . Ž .Proof. i As N,  L YKer , we get the commutative diagram
with exact rows:
  
L0 M N 0
  L M N Ž .
  
2 2 2   Ž . Ž . Ž .0  L  M  N 0
Since  and  are isomorphisms, it follows that  is an isomorphism.L N M
Ž .ii Since  is an isomorphism, for the naturality of the morphismN
2Ž . , it follows that  f is epic. Hence, as NKer , we get the commuta-
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tive diagram with exact rows,
f  
L0 M N 0
  
 
L M N
  2Ž . f
2 2 2   Ž . Ž . Ž .0  L  M  N 0
It follows that  is an isomorphism.L
Ž .iii If U is quasi-cotilting, given an exact sequence 0 LMS R
Ž .N 0 in Cogen U, we get the commutative diagram  . It follows that M
is an isomorphism if and only if  and  are both isomorphisms.N L
5. LEMMA. Let U be a locally quasi-cotilting bimodule and let MC.S R
Ž . Ž .Then,  M Y ,  M  X , and  is an epimorphism.M

k
Proof. From the exact sequence 0 Y Y M 0 where Y , Y1 2 1 2
Ž . Ž .Y , we get the two exact sequences 0  M   Y C 0 and2

Ž . Ž . Ž .0 C Y   M  0 where  k   . As U is locally1 S R
quasi-cotilting, the first sequence is in Ker . Hence, we get the following
commutative diagram with exact rows,
  
Ž . Ž . M0  Y C 02
 ŽY .Ž M . C2
  2Ž . 3 3 2 2   Ž . Ž . Ž . Ž .0  M  Y  C  M2
Since  and  are monic and  is an isomorphism, from theŽ M . C ŽY .2
2Ž .Snake lemma it follows that  is an isomorphism. Therefore,  MŽ M .
2Ž . 0, since  M is reflexive. It follows that also  is an isomorphism.C
Ž . Ž .Thus,  M , CY , and then  M C. Moreover, since  ,  areY Y1 2
2Ž . Ž . Ž . Ž .isomorphisms and k is monic, also  k      , and hence   ,
Ž . 2 Ž . Ž .is monic. Thus, from the exact sequence 0  M   Y1
Ž . 2Ž . Ž . C   M  0 we get  M Ker . Finally, as CKer , we
obtain the commutative diagram,

 
Y M 02
 
 Y M2
 
2 2 Ž . Ž . Y  M 02
from which we get that  is an epimorphism.M
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6. LEMMA. Let U be a locally quasi-cotilting bimodule and let 0 LS R
MN 0 be an exact sequence;
Ž .a if MY , then NC if and only if LY ;
Ž .b if LY , then NC if and only if MC ;
Ž .c if MC , then LC if and only if NC ;
Ž .d if U is quasi-cotilting and MC , then NY if and only ifS R
Ž .N Cogen U .
Proof. If NC , let 0 Y  Y N 0 be an exact sequence1 2
where Y , Y Y . We obtain the commutative diagram with exact rows1 2
and columns,
0 0 
f2  
ML0 N 0 
f1  
PL0 Y 02 
Y Y1 1 
0 0
where P is the pullback of f , f .1 2
Ž .Looking at the first column, if MY , from Lemma 4 i it follows that
Ž .PY . Hence, if we apply Lemma 4 ii to the second row, we get LY
Ž .and so a is proved.
If LY , looking at the second row, it follows that PY , thus looking
at the first column we conclude that MC.
Ž . Ž .To prove c and the second implication in b , let us suppose that
MC. Then, we get the following commutative diagram with exact rows
and columns,
0 0 
  
ML0 N 0 
Ž .Y Y2 2 
   
Y0 K L 01 
0 0
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where Y and Y are in Y . Looking at the last row, assuming LC , from1 2
Ž .b it follows that KY and so NC. Similarly, if NC , from the
second column we get KY and so LC.
Now, let us suppose U to be a quasi-cotilting bimodule and MC. IfS R
Ž . Ž . Ž .N Cogen U , since the second column of  is in Cogen U , by Lemma
Ž .4 iii , it follows that NY .
Ž  .With the following construction see also C, Theorem 6 , for any
2Ž .module in C we define a new morphism  :  M M. The restrictionM
of  to X will be a natural isomorphism giving rise to a duality between
the classes X .
7. Construction of  . Let U be a locally quasi-cotilting bimodule,S R

MC and let 0 Y Y M 0 be an exact sequence with Y , Y 1 2 1 2
Ž .Y . If L Coker  , we get the two exact sequences,
jŽ .  
0  M  Y L 0 0 L Y   M  0,Ž . Ž . Ž . Ž .2 1
Ž . Ž .where    j , LKer  and, by Lemma 5,  M  X . Hence, we
obtain the two short exact sequences,
2Ž .Ž .    2 2 0  L  Y  M  0,Ž . Ž . Ž .2
Ž . j2 20  Y  L  M  0,Ž . Ž . Ž .1
2Ž . Ž . Ž .where  is the connecting homomorphism. Since       j , we
get the following commutative diagram where the upper and the bottom
row are exact. So
  
Y0 Y M 01 2

  
 
Y Y M1 2
  22 Ž .Ž .   2 2 2  Ž . Ž . Ž . Y  Y  M 01 2
Ž . 
Ž . j 
2 2   Ž . Ž . Ž . Y0  L  M 01 
0
Ž . 1 Ž . Ž .Since   is monic, Ker     Im  j . It follows that Y2
1 Ž . 2Ž .   induces a monomorphism  :  M M withY M2
Im    1 Im     1 Ker 2  Ker Ž . Ž . Ž .Ž . Ž .Ž . Ž .M Y Y M2 2
Rej M .Ž .
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Now, we are going to prove a lemma which is crucial to show the
naturality of the morphism  defined above. The proof is inspired by Cb1,
Proposition 2.2 .
 Ž . 8. LEMMA. Let M, M C and let fHom M, M . Let  ,  beM M
two monomorphisms obtained, as in 7, from the exact sequences 0 Y 1
Y M 0 and 0 Y  Y M  0 with Y , Y , Y , Y Y . If there2 1 2 1 2 1 2
Ž . 2Ž .exists gHom Y , Y which extends f , then f    f .2 2 M M
Proof. By assumption, we get the exact commutative diagram defin-
ing h,
   
Y0 Y M 01 2
g fh Ž .
        Y0 Y M 01 2
We use the notation of 7. Since  is epic, to get the claim, we prove that
f   2 f  .Ž .M M
Ž .From  we obtain the exact commutative diagram defining  ,
Ž .     Ž . Ž . M0  Y L 02
Ž . Ž .  f  g

  
Ž .       Ž . Ž . M0  Y L 02
Ž .  Ž . Ž . Ž .  where L Coker  , L  Coker  ,    j ,    j  .
Moreover, we get the following diagram with exact rows,
j   
Ž . Ž .L0  Y  M 01
Ž . Ž .  f h Ž .  
 j     Ž . Ž .L0  Y  M 01
which is commutative since
j   j  g     gŽ . Ž . Ž .
  g    h   h  j  .Ž . Ž . Ž .
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Ž .Finally, from  , we obtain the commutative diagram,

2 2   Ž . Ž . Ž . Y0  L  M 01
22 Ž . Ž .Ž .    f h
  
 2 2   Ž . Ž . Ž . Y0  L  M 01
From the commutativity of all these diagrams and from the naturality of  ,
it follows that
f  f1     g1 Ž . Ž .M Y Y2 2
  1 2 g     1    gŽ . Ž . Ž .Ž .Ž .Y Y2 2
  1       1     Ž . Ž . Ž .Y Y2 2
      2 f  .Ž . Ž .M M
The following result shows that  is well defined, for any MC.M
9. PROPOSITION. Let U be a locally quasi-cotilting bimodule. Let MS R
C and let  be the morphism constructed as in 7. Then,  does not dependM M
on the exact sequence representing M as a factor of modules in Y .
f f1 2 Proof. Let 0 Y  Y M 0 and let 0 Y  Y M 0 be1 2 1 2
two exact sequences with Y , Y , Y , Y Y . To prove that they define the1 2 1 2
same morphism  , let us consider the following diagram with exact rowsM
and columns,
0 00  
f1  
YY0 M 021  
g f1 2

  PY0 Y 01 2g 2
 L Y Y 1 1 
0 0 0
where P is the pullback of f , f . From the second row we get PY and1 2
h
then, applying Lemma 6 to the diagonal exact sequence 0 L PM
 0, where h f  g  f  g , it follows LY . Let   be the mor-1 1 2 2 M
phism associated with the first exact sequence, let   be associated withM
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the second one, and let  be associated with the diagonal exact se-M
quence. We obtain the two commutative diagrams with exact rows:
h   
L0 P M 0
g1
  f1   
Y0 Y M 01 2
h   
L0 P M 0
g2
  f2    Y0 Y M 01 2
If we apply Lemma 8 with f id, from the first diagram we conclude
    and from the second one we conclude     . Therefore,M M M M
    .M M
10. THEOREM. Let U be a locally quasi-cotilting bimodule. Then,  :S R
2 1 is a natural transformation in C.C
Proof. To prove the naturality of  , we show that the following diagram
 Ž .is commutative for any M, M C and for any fHom M, M :
f M M

 M M Ž .
 
2Ž . f 2 2Ž . Ž . M  M
Thanks to Proposition 9, we can construct  starting from any exactM
sequence representing M as a factor of modules in Y . Let 0 Y 1
f1   Y M  0 be an exact sequence with Y , Y Y . If we find an exact2 1 2
sequence 0 Y  Y M 0 such that Y , Y Y and f can be1 2 1 2
 Ž .extended to 
 : Y  Y , then we can apply Lemma 8 to prove that 2 2
commutes. Thus, let P be the pullback of f , f . Then, we get the commu-1
tative diagram with exact rows:
g1   Y0 P M 01
g f
 f1     Y0 Y M 01 2
Ž .Applying Lemma 6 b to the first row, it follows that PC. Therefore, we
h
get an exact sequence 0 Y  Y P 0 with Y , Y Y . Finally, we1 2 1 2
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get the commutative diagram with exact rows,
g  h1   Ž .Ker g h0 Y M 01 2
 

g h f
f1    Y M 0Y0 21
Ž .where, by Lemma 6, Ker g h Y .1
We are now able to prove the cotilting theorem:
Ž .11. THEOREM Cotilting Theorem . Let U be a locally quasi-cotiltingS R
bimodule. Then:
Ž . Ž . Ž .a  C Y and  C  X ;
Ž . 2Ž .b For any MC there is a natural morphism  :  M M suchM
that the canonical sequence,
 M M2 20  M M M  0Ž . Ž .
Ž . Ž .is exact, with Im  Rej M ;M U
 
Ž .c The functors  and  define a pair of dualities YY and XX .
 
Moreoer,   X 0  Y ,  Y is an exact functor, and   X is a left
exact functor, which is exact if U is a cotilting bimodule.S R
Ž . Ž . Ž .Proof. a and b follow from Lemma 5 and Theorem 10. To prove c ,
Ž . Ž .we first observe that XKer , YKer ,  X  X , and  Y Y .
Ž . 2Ž . ŽMoreover, for any MY M X , respectively , M
  M , M

2Ž .. Ž . M by means of the natural functor   . Hence, we have dualities as
stated.
Finally, as  Y 0   X ,  Y is an exact functor and   X is a
Ž . Žleft exact functor. If U is a cotilting bimodule, since injdim U 	 1 seeS R
 .CDT, Proposition 1.7 ,   X is also right exact.
Our next goal is to study the structure and some closure properties of
the class C. To this aim, we start assuming that U is a quasi-cotiltingS R
bimodule.
12. PROPOSITION. Let U be a quasi-cotilting bimodule. Then, the classS R
C is closed under finite direct sums, images, kernels, cokernels, pullbacks,
and pushouts of morphisms in C. In particular, C is an abelian category.
Ž .Proof. From Lemma 4 i , it follows that Y is closed under finite direct
sums. Hence, if C  Y Y  and C  Y Y  with Y , Y , Y , Y Y , then1 1 1 2 2 2 1 1 2 2
C  C  Y  Y Y  Y C. Now let C , C C and f : C  C .1 2 1 1 1 2 1 2 1 2
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Then, we get the following commutative diagram with exact rows and
columns:
0 0 
f  
0 Ker f C C1 2 
f1  
Ker f0 P Y1 
Y Y2 2 
0 0
Ž .If we apply Lemma 6 b to the first column, we get PC. Since
Ž . Ž .Im f 	 Y , then Im f  Cogen U and therefore, from Lemma 6 d ,1 1 1
Ž .Im f Y . Hence, Ker f Ker fC. Moreover, applying Lemma 6 c1 1
to the exact sequences,
0Ker f C  Im f 0 and 0 Im f C  Coker f 0,1 2
we get Im f , Coker fC.
Since C is closed under finite direct sums, it follows that it is closed
under pullbacks and pushouts.
Ž .13. PROPOSITION. Let U be a quasi-cotilting bimodule. Then, X , Y isS R
a torsion theory in the abelian category C , in the sense that for M, NC :
Ž . Ž .1 Hom N, M  0 for all N X and for all MY ,
Ž . Ž .2 if Hom N, M  0 for all MY , then N X ,
Ž . Ž .3 if Hom N, M  0 for all N X , then MY .
Ž . Ž .Proof. 1 is clear since Ker , Cogen U is a torsion theory in Mod-R.
Ž . Ž . Ž . Ž  2 and 3 follow immediately from Theorem 11 b see S, Chap. VI for a
.discussion on torsion theories .
The previous proposition allows us to read the cotilting theorem as
natural generalization of Morita duality obtained by relaxing the assump-
tions on the representing bimodule. In this case, a non-trivial torsion
theory takes the place of the whole category.
The class Ker  is obviously closed under direct summands, since  is
an additive functor. When U is a quasi-cotilting bimodule, this is againS R
the case for XKer  and C.
14. LEMMA. Let U be a quasi-cotilting bimodule. Then, X is closedS R
under direct summands.
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Proof. Let M X and MN L. Then, N and LKer . From
the exact sequences,
gi 
0 LMN 0 and 0 Y  Y M 0,1 2
where Y , Y Y , defining g    g, we get the exact sequence,1 2 1
g1
0Ker g  Y N 0, Ž .1 2
where Ker g Ker . To get the thesis, we prove that Ker g Y .1 1
Ž .Applying the functor  to  , we obtain the exact sequence,
0  Y   Ker g   N  0.Ž . Ž . Ž .2 1
Ž . Ž . Ž .As  is an additive functor,  M   N   L . Since MC , then
Ž . Ž . M Ker , and so  N Ker . Hence we get the exact commuta-
tive diagram defining  ,
2  2  2  Ž . Ž . Ž . Ker g0  Y  N 01 2  Ž . 
  YKer g 21   
Ker g0 Y N 01 2
where  is monic. If  is an isomorphism, it follows that  is anKer g Ker g1 1
isomorphism, i.e., Ker g Y . Therefore, to conclude the proof, we just1
1 2Ž .have to prove that  : N  N is a well-defined isomorphism andM  N
that  1 . So, let us consider the following diagram,M  N
  
M N 0
1 M Ž .d1
 2Ž . 2 2 Ž . Ž . M  N 0
2 2 2Ž . Ž . Ž . 2where  N 	 M and     . Using the commutativity of Ž N .
the diagram,
g1  
Ker g0 Y N 01 2 Ž .d2

g   Y N L 02Y0 1
Ž .and of that obtained applying two times the functor  to d2 , it is
Ž . Ž .straightforward to verify that d1 is commutative. Since  L  0, from
Ž . 1Ž . 2Ž .d1 we get  L 	  L and from an analogous diagram with L inM
1M1 2 2 2Ž . Ž . Ž . Ž .place of N we get  N 	  N . As N L 
  N   L , itM
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1 1M  M N L2 2 1Ž . Ž .follows N 
  N and L 
  L . In particular,  is an isomor-M  N
phism. Now, let nN: then,
 n    n  2  1 n  1 n ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .M M
1Ž . 2Ž . 2Ž . 12since  n   N and     . It follows that   ,M  Ž N . M  N
which concludes the proof.
15. PROPOSITION. Let U be a quasi-cotilting bimodule. Then, C isS R
closed under direct summands.
Ž .Proof. Let MC and let MN L. Since Rej  is a radical, itU
Ž . Ž .commutes with finite direct sums. Therefore, we get Rej N , Rej L 	U U
Ž .Rej M and then, by Lemma 14, they both belong to X . Moreover,U
Ž . Ž . Ž .NRej N , LRej L 	MRej M and so, using Lemma 4, they areU U U
Ž .both -reflexive. From Lemma 6, it follows that MRej N C. Thus,U
from the exact sequence,
0NRej N MRej N MN 0,Ž . Ž .U U
we get L
MNC. Similarly, one proves that NC.
In the following propositions, we further assume that the bimodule US R
is faithfully balanced.
16. PROPOSITION. Let U be a faithfully balanced quasi-cotilting bimod-S R
ule. Then,
Ž .a UY and R Y , S Y ;R R S S
Ž .b if LKer  and L is finitely generated, then LY ;
Ž .c C contains all the finitely presented modules.
2Ž . Ž . 2Ž . Ž .Proof. As U is balanced,  U 
  S 
U and  S 
  US R R S R S R
Ž . Ž . 
 S canonically; the same holds for U and R . For b and c see C,S S R
Proposition 5 .
The further assumption that U is balanced seems to leave unchangedS R
the structure of the dualities associated to U, except for increasing the size
of the involved classes.
Let us now suppose U to be a cotilting bimodule. Then, as we alreadyS R
Ž .noted in Remark 3, since Ker , Ker  is a torsion theory, two particular
Ž  .results hold: injdim U	 1 see CDT, Proposition 1.7 , and LKer ,
Ž . L Y LY . These properties are useful to get some additional
information about the classes we are studying, like the closure of C under
finitely generated submodules.
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17. PROPOSITION. Let U be a cotilting bimodule. If L is a moduleS R
which is both a factor of a module NY and a submodule of a module M
Ž .such that  M C , then LC. In particular, C is closed under finitely
generated submodules.
Proof. Let L
NK with NY . To prove that LC , we show that
KY . We start from the exact commutative diagram,
0 0
   
Ž . Ž .0 Rej L L LRej L 0U U 
N N 
   
Ž .K0 T Rej L 0U 
0 0
Ž . Ž .where LRej L  Cogen U Ker . Since the last column belongs toU
Ž . Ž .Ker  and NY , from Lemma 4 iii we get that both T and LRej LU
are -reflexive. From the last row, we get the exact sequence:
f
0  T   K  Rej L   L  0.Ž . Ž . Ž . Ž .Ž .U
Since injdim U	 1, from the exact sequence,
0 LMML 0,
we obtain the exact sequence,
g
0 			   M  L  0.Ž . Ž .
Hence, we get the commutative diagram with exact rows and columns:
0 0 
f  
Ž .Ž . Ž . K T0  L 0 
g
  
Ž . Ž .P T0  M 0 
Q Q 
0 0
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Ž . Ž .Since  T Y and  M C , from Lemma 6, it follows that PC.
Ž . Ž .Finally, applying Lemma 6 d to the first column we get  K Y and
therefore KY .
n n Ž .Now, let MC and L	M, L
 R K. Since R Y and  M  X ,
we conclude that LC.
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